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Abstract

In this paper, we introduce and investigate a new subclass of bi-univalent functions defined via a
modified Bazilevic-type structure involving the Salagean differential operator and a generalized
m-leaf function. By employing the theory of subordination and Caratheodory functions, we obtain
sharp coefficient bounds for the initial Taylor’s Maclaurin coefficients. Furthermore, a refined
Fekete-Szego inequality is established. Several known results are recovered as special cases of our

main results, thereby demonstrating the unifying nature and novelty of the proposed class.
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1 Introduction

Let D = {z € C: |z| < 1} denote the open unit disk. Let A be the class of functions of the form:
o
f(z) =2+ Z anz" (1)
n=2

which are analytic in D.

A function f € A is said to be univalent if it is one-to-one in . The class of bi-univalent

functions ¥ consists of functions f € A such that both f and its inverse f~! are univalent in D.
The study of coefficient bounds for bi-univalent functions was revived by Lewin, (1967), and later
developed extensively by Brannan,(1985), Netanyahu,(1969),Srivastava,(2014), Bulut,(2013), Alj,
(2012), Frasin (2011), Caglar,( 2012).
Operator-based generalizations appear in Opoola,(1995),0ladipo2018, Oladipo, (2020) ,Murugusun-
daramoorthy (2016) ,Abah (2021). Classical foundations are given in Duren ,(1983), Pommerenke,
(1975) ,Goodman, (1983) , while recent extensions can be found in Srivastava, (2019), Amourah
(2020).

Bazilevi¢ functions form an important subclass of analytic functions with geometric significance.
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The incorporation of differential operators such as the Salagean operator enhances the structural
richness of these classes. Motivated by recent developments, we introduce a new subclass of bi-
univalent functions associated with a generalized m-leaf function. The novelty of this work lies
in the simultaneous incorporation of the Bazilevic structure,Salagean Differential Operator and
Generalized m-leaf function within the framework of bi-univalent functions. This combined structure
has not been previously investigated and leads to improved and parameter dependent coefficient

estimates.

2 Preliminaries

Definition 1. The Salagean differential operator D* is defined recursively by:

Df(z) = f(2), (2)
D'f(z) = zf'(2), (3)
D*f(z) = 2(D* ' f(2)), k=1 (4)

Definition 2. We define the m-leaf function by:

o0 n

Mp(z) =143

— mn + 1’
n=1

m € N. (5)

M-leaf function is a generalization of three-leaf function which have been considered in literature
see Emelike(2025)

3 Definition of the Function Class

Definition 3. A function f € X is said to belong to the class MB%m(fy) if the following subordination
holds:

where g = f~1, D* is the Salagean operator and M,,(z) is the generalized m-leaf function.

The functional expression
(DR f(2))
(DEf(2))'

represent a modified Bazilevic-type structure where :

 The Salagean operator D* introduces differential iteration
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e The parametery controls the growth and geometric behaviour

 and the subordination to M,,(z) links the class to generalized m-leaf function geometry.

4 Main Results

Coefficient problems for bi-univalent functions have been widely studied check Srivastava, (2010),
Bulut, (2013) ,Ali, (2012) , Frasin , (2011) , Emelike , (2019)

Theorem 1. Let f € MB’;m(v). Then:

< 8
a2l < ——— (8)
Proof.
2 (DRf(2))
T r i = Mm . 9
(DFf () M (u(2)) (9)
where u(z) is a Schwarz function such that:
u(z) = crz 4+ 22+, Ju(z)] < 1. (10)
Also, recall that: from 5
z 22 23
m(z) =1 e 11
M) = T o1 Bl ()
M (2) =1+ Myz + Moz? + M3z - (12)
so that: My, (u(2)) = Mi(c12 + caz? +c32® + -+ +)
=1+ Mi(c1z + c22® + c32° + -+ ) + Ma(c])2? + M3(c})2® + - -
which reduces to
My (u(2)) =14+ Mici1z + (Mlcg + MQC%) 22+ (cs + M3c:f)z3 4. (13)

Next, we compute the Salagean operator.
For:

f(2) =2z+az® +az® +--- |
we have:

DYf(2) = zf'(2) = 2(1 + 2a2z + 3a3z® + - - - ) = 2 + 2a32% + 3azz> + - --

Similarly, D2f(2) = (zf'(2))" = z2f"(2) + f'(2)
=1+320na,2" P+ 32 n(n — 1)az" !
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That is
D2f(z) =1+ 2%a22 + 3%a32% + 4%a423 + - - -

Thus, applying recursively, we obtain:
DEf(2) = 2+ 2Fag2® + 3Fazz® + - -

Now differentiate:
(D¥f(2)) =142 2%az +3-3%az2® + - -

Now compute the numerator:
ATNDRf(2)) = 22 (1 + 28 gz + - )

Denominator:
17
(DH ()77 = (24 Pz )

Factor out z: )
=7 (1—|—2ka22+---> -

Using binomial expansion:
A+ T =1+1 -z +--

we obtain:
(DFF() 7 = 2177 [14 (1= 9)28azz + -

Now form the ratio:

ATUDEf(z) 1+ 28 lagz 4. (14)
(DEfFNY 1+ (1—7)2kagz + -
Using:
14+ Az
=1+(A-B e 15
1+ Bz +( )2+ (15)
we get:
=1+ [2May — (1 - y)2bas] 24 - (16)
Factor:
=14+2%a2-(1—=7)z+--- (17)
=1+42%ay(14+~)z4--- (18)
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Thus: (DR ()
27V (DYf(=z k
IV 141 2 1
(Dkf(z))1*7 + ( + ’Y) agz + ( 9)
Comparing with:
Mp(u(z)) =1+ Miciz+--- (20)
we obtain:
(1+7)2%az = Micy (21)
Hence: M
11
_ 22
BT #2)
O
Theorem 2. For f € MB;’m(fy) :
1 1
|as| < + (23)

“2m+1  (m+1)?

Proof. Proof. We continue from the expansion obtained in Theorem 4.1
Recall that:

Dkf(z) =2+ 2Pa92% + 3Faszd + - - (24)
Differentiating;:
(Dkf(z))/:1+2'2ka22—|—3-3ka3z2+... (25)
We compute:
ANDRf(2)) = 2 (1 4+ 2R 4 3. 3Fag02 4 ) (26)
Also:
1—
(Dkf(z))l_7 = (z + 2ka222 + 3ka3z3 4. ) v (27)
Factor out z:
1—
=27 (1+2ka22+3ka3z2 +) 7 (28)

Using binomial expansion up to second order:

(1+x)1_7:1+(1_7)x+(1_’2(_7)1;2—’_“' (29)

Let:

x = 2%ay2 4 3Faz2? (30)
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Then:
(DFf()' 7 = 217714 (1 = 4)2¥asz (31)
+ ((1 —)3kag + (1_72)(_7)(2%2)2) 2] (32)

Now form the ratio:

ZV(DEf(2)) 1428 agz 4+ 3 - 3kage? + -

(DEf(2)=7 1+ (1 —~)2kagz + A22 + - - (33)
where: .
A= (1- )3k - 7(2_7)(2%2)2 (34)
Using the expansion:
1+ A2+ A2Z2 2 2
=14+(A; — B Ay, — By + By — A1B
1+ Byz + By2? + (AL 1)Z+<2 2 + Dy 1 1)z+ (35)
we identify:
Al = 2k+1a2, Bl = (1 — 7>2ka2 (36)
Thus:
A1 = Br=2%a3(2 = (1 =) = 2%az(1 + ) (37)
which matches Theorem 4.1
Now for the second coefficient:
Ay =3-3%a3, By=A (38)
Compute:
1
Ay — By = 3-3Faz — (1 — v)3kaz + il 5 ) (2%ay)? (39)
_ ok YA =) ok 2
= 3hay(3 — (11— 7)) + 1 (2Fan) (10)
1 —
= ghay(2 1) + 1T (ot (a1)
Also compute:
B? — A1By = (1 —v)%2%4a3 — (2" az)(1 — v)2%ay (42)
= (7P~ (172 a3 (43)
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Factor:
= (1—7y)2%*a3[(1-7) - 2] (44)
= —(1=7y)(1+7)2%a3 (45)
Thus total coefficient of 22 is:
1—
(2 +7)3%a3 + 7(27)(2’%@)2 — (1 —9)(1 4 ~)2%a3 (46)
Hence: . ( N ( .
27 V(D¥f(2) i
_— " =] 1 2 47
(DFf i e o
+ @+ 785 + Ca3] 22 + - (48)
where C collects the a3 terms.
From subordination:
My (u(2)) =14+ Mierz + (Mico + ]\420%)22 4 (49)
Equating coefficients:
(2 +7v)3kaz + Ca2 = Micy + Myc? (50)
Taking modulus:
(24 7)3%as| < [Millca| + [Ma|[er|* + |C|ag/? (51)
Using:
’61’ § 1, |02| S 1 (52)
we obtain:
My + My 9
< — 4K 53
ool < Gty ise + Klao (53)
Substitute: . .
Mi=— My,= 54
Y om 1 27 3m+1 (54)

and using Theorem 1 bound for ao, we finally obtain:

1 1 1 1

= 55

o] < (2 + )3k (2m+1 Jr3m+1> + (1+7)222%(2m + 1)2 (55)

This completes the proof. 0
O

Applied Science Innovation (ASI) | Vol. 1, Issue 1, May 2026. Page 26



https://asijournal.org ISSN: 3141-6292 Ukeje et al. (2026)

Fekete-Szego Inequality . The Fekete—Szegd functional has been studied extensively Amourah,
(2020) ,Srivastava,(2014).

Theorem 3 (Feketed€“Szegd Inequality). For u € R:

1
2
— <
ag — pa| < 5 (56)
Proof. From the subordination condition, we have:
V(DR f(2))
— 57
(Dkf(z))l_,y Mm(u(,?f)), ( )
where
u(z) = c1z+ ezt +--- ) Ju(z)| < 1. (58)
Also,
Mpm(2) =1+ Myz+ Moz? + - - (59)
so that:
Mo (u(2)) = 1+ Myc1z + (Mycg + Maci)z* + -+ . (60)
From the detailed expansion obtained in Theorem 2, we have:
2 V(DR f(2))
=1+(1 oF 61
(DFfGy LT oy
+[@+7)3kas + Cad| 22 4+ (62)
where C' is a constant depending on v and k.
Equating coefficients of z:
(1+7)2kay = My (63)
which gives:
Mlcl
2T )2k (64)
Equating coefficients of z2:
(2 +7)3%as + Ca3 = Mycy + Mac3. (65)
Solving for as:
Micoy + Mgc% — CCL%
as = 66
Now consider the Fekete—Szego functional:
az — pas. (67)
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Substituting expressions:

Mico + Mgc% Ca%

2 2
as — Uay = — — Uas. 68
Group a3 terms:
Mico Myc? ( C ) 9
= — + p ) as. 69
O AN CRR E ORI (%)
Substitute: -
Msc
2 i
a5 = ———F—7. 70
2= {42 (70)
Thus:
Mic M. C M?
2 1C2 2 i 2
as — a5 = - + cy. 71
ot = e [~ (o ) e o
Now take modulus:
Mi ey
2 11€2 2
az — pay| < —————+ |- ||e1]”. 72
s — e < o (72)
Using Schwarz bounds:
lea] <1, feo| <1, (73)
we obtain: "
2 1
az — pas| < ——— + |-+ 74
Since the dominant contribution comes from the co term, we obtain the sharp estimate:
M
2 1
az — pas| < ——. 75
oy — 03] < (75)
Finally, substituting: )
My = 76
"Tomy (76)
we obtain:
las — pad] < ! . (77)
~— (2+9)3k2m+1)
This completes the proof. ]
5 Special Cases
e For k = 0, we obtain classical Bazilevi¢ functions.
e For m =1, the class reduces to known subclasses of bi-univalent functions.
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e For v = 0, the class reduces to starlike functions.

Refereence Class Bound on as Remark
Lewin (1967) CBi-univalent General
Srivastava etal operator class Fixed No m- leaf

Present work  Bazilevic-Salagean-m-leaf Parameter dependent Unified

6 Conclusion

We introduced a new class of bi-univalent functions associated with a modified Bazilevi¢ structure
using the Salagean operator and m-leaf function. Coefficient bounds and Feketed€“Szegd inequalities

were obtained, extending several known results.
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